We prove that the following problems are essentially equivalent:
Introduction
The purpose of this note is to study multiplicative perturbations of linear Volterra equations.
Let X be a Banach space and A an unbounded closed linear operator in X with dense domain D(A). Let a: [0, oo) -» R be a locally integrable function. We suppose that a(t) is Laplace-transformable, i.e., there is /? > 0 such that e-P'\a(t)\dt <oo.
We consider the linear Volterra equation [VOL u(t) 
= x+ I a(t-s)Au(s)ds (x £ D(A), t > 0). Jo
Let (V(t))t>o be a family of bounded linear operators in X which is exponentially bounded, i.e., there are constants M > 1 and co > f} such that \\V(t)\\ < Mewt (t > 0) is satisfied; (V(t))t>0 is said to be of type (M, co). For the special cases a(t) = 1 and a(t) = t, the solution family (V(t))t>o for [VO]^ becomes the Co-semigroup generated by A , respectively, the cosine function generated by A .
Necessary and sufficient conditions for the existence of a solution family for [VO]^ have been considered by DaPrato and Iannelli [Dala] , Arendt and Kellermann [ArKe] , Priiss [Pr] , and others.
We begin with a fundamental theorem of which we will make use later. By p(A) we denote the resolvent set of A . Our result extends the one given by Desch and Schappacher for Co-semigroups (cf. [DeScha2, Theorem 1]). As an application we consider the following ordinary differential operator of second order:
The main results
Let X be a Banach space. Let a: [0, 00) -> R be a locally integrable function. We suppose that there exist fi > 0 such that / e~fi'\a(t)\dt< 00.
Jo
Let T be an unbounded closed linear operator in X with dense domain D(T), and let C be a bounded linear operator on X. This corollary is a generalization of a perturbation result given by Desch and Schappacher [DeSchal] . 
Jo *■ (b) Let p £ p(CT). We set U(t)x:=x + (p-CT)C f a(t -s)V(s)T(p -CT)~lxds. Jo
On the other hand, for all x £ X,
I a(t -s)V(s)xds £ D(TC). Jo
Hence, U(-)x is well defined for all x £ X. Since T is closed, U(t) is a bounded linear operator on I. As /h TC J0'a(t -s)V(s)xds = V(t)x -x and t -» /0r a(s)V(t -s)xds are continuous, we conclude that U(t) is strongly continuous. On the other hand, it is clear that £/(•) is exponentially bounded of type (M, co), where M > M' ((M', co) is the type of (V(t))t>o); therefore, it suffices to show that 
For x £ X and X > co we put
We will show that y £ D ( We consider the operator C defined by Cu = c-u. Then CT generates a cosine function on X. In fact, the function cp(x) = /0* l/y/c(s)ds is a homeomorphism of / onto another interval J . Moreover, cp induces an isomorphism between L2(7) and L2(J) defined by V: L2(J) -» L2(7), Vf:=focp. where (U(t))t>o is a cosine function on L2(J) with generator f defined by Tu -u" (u £ L2(J)). It follows from the Kisynski theorem (cf. [Ki] or [Wa]) that the matrix operator y := ( ~ J j with domain D(f) x E is the infinitesimal generator of a strongly continuous group on E x L2(J). Since 3 § e Jtf(E x L2(J)), 38 + £T generates a strongly continuous group in E x L2(J), where 93 := (b o) (Bu = b(-)u'for u £ E).
By [Wa, Theorem] , (V~XCTV) generates a cosine function on L2(J). Consequently, CT generates a cosine function on X. Applying Theorem 2.1, we get that TC generates a cosine function on X, i.e., the following problem is well posed: 
